® Credit: MPIFR

RUHR-UNIVERSITAT BOCHUM

Lecture 2: Electromagnetic
fluctuations and MHD eigenmodes

Reinhard Schlickeiser
Institut fiir Theoretische Physik I1V: Weltraum- und Astrophysik, Ruhr-Universitat Bochum, Germany

Erice 2018-08



RUHR-UNIVERSITAT BOCHUM
Theoretische Physik IV: Weltraum- und Astrophysik

Collaborators and topics

Main current collaborators: Ulrich Kolberg , Marian Lazar (RUB),
Sunjung Kim (UNIST, Ulsan, Korea), Rodrigo Lopez, Peter H. Yoon

(University of Maryland)

Topics:

1.

N a s wDd

Collective processes in plasmas
Linear fluctuations

Quasilinear transport equation
Non-collective fluctuation spectra
Collective eigenmodes

Slab MHD eigenmodes

Summary and conclusions

Lecture 2: Electromagnetic fluctuations and MHD eigenmodes Reinhard Schlickeiser, Erice 2018-08



RUHR-UNIVERSITAT BOCHUM
Theoretische Physik IV: Weltraum- und Astrophysik

Collective processes in plasmas

Klimontovich particle density of sort

- =

Xv ?t Z5[X— ]5[[3 ( )]7

' D¢ : = Ve x B(x2, t
X =v?= La, B = q.[E(x7,t) + Vi x B(xF.t)
ma7y; c

] (1)

fulfils exact Klimontovich equation for each species "a":

. VxB| 0N,

.aﬁ

oN, 9 ~ON,

ot 0% =0 (2)

The electromagnetic fields have to determined from the Maxwell equations
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Collective processes (2)

. L. 0B
dlvE:47rZa:qa/d3pNa(x,p,t), rotE—i—g 0

cot

Formal reduction (details in Yoon, Ziebell, Kontar, RS 2016, PR E 93,
033203; RS and Yoon 2015, Phys. Plasmas 22, 072108) in magnetized
plasma (é =By + 6B, E = 61::) by introducing the free-particle (without
turbulent fields) Klimontovich equation

. E 4
divB =0, rotB—‘l— ”an/d%ma(z,ﬁ, t) (3)
a

0 0 qa(V x Bo) 0 0
TR R “ap| e X AyE)
0 0 0
_ O/ = I =~ 0
—EoNa(x,p,t)—[at+v % Q@gb]N(X p,t)=0 (4)
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Collective processes (3)

with relativistic gyrofrequency Q, = q.Bo/(ymac) for free particle density

NO(X, p. t) 25[X—>?a]5[p p] (5)
i=1
with gyromotion in the uniform magnetic field

p? = Bl + (pu cos(d + Qa t) p1sin(¢ + Qat), py),
Za:%fo+(%[cos(¢+ﬂat) cos ], = [snn(¢+9 t) —sin o], vjt) (6)

1

and non-turbulent time-propagation operator

0 0 0
L — — Q= 7
=tV o ag )
in cylindrical momentum coordinates px = p, cos ¢, p, = pJ sin ¢,
Pz = p|-
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Collective processes (4)

Subtraction of Eq. (4) from Eq. (2) provides

i+ DXIB | OMEED _

£0[Na()_<'v 57 t) - Ng()_('a 57 t)] + da

This equation describes collective processes where initial purely single
particle dynamics in the uniform magnetic field have been taken out.

Then split total microscopic particles quantities into averages and
fluctuations:

No(%, B, t) = (No(%, B, 1)) + SN (%, B, £) = £o(%, B, ) + ONS(%, 5, £) ()

where ensemble-averages (JN,) = (0E) = (§B) = 0 of the fluctuations are
zero, and f,(X, p, t) = (Na(X, p, t)) is the smoothed one-particle
distribution function. Eq. (8) then reads
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Collective processes (5)

Col(M) + 6, — N + g + T 0B () Oy )

Ensemble-averaging this equation provides

Vx 6B, 05N,
) - 95 ), (11)

so that the difference between Egs. (10) and (11) is given by

Lofs = —qa((6E +

. Vx0B, of,
Lo[6N, — Ng] + qa(0E + c Fp
- Vx0B. 95N, - Vx0B. 95N,
— 0E . — ((0E . 12
Egs. (9), (11) and (12) are still exact.
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Linear fluctuations

Now we investigate small deviations 68 < By, |§N,| < f, = n,F, (weak
turbulence assumption) from the adopted “equilibrium” state of a spatially
uniform and stationary plasma (F5(p)) in an uniform magnetic field

(éo = Bp€;). This leads to the linearized kinetic equation

v><5B) 8f

c 8p

Lo[dN, — Ng] + qa(5§+ (13)

where we ignored the right-hand side of Eq. (12), being of 2-nd order in
fluctuating quantities, as compared to its left-hand side, being of 1-st

order in fluctuating quantities.

Eq. (13) guarantees that for t = t = 0 the two-time correlation function

(ONL(%, B, 0)3N,(X, 5, 0)) = (NJ(%, 5, 0)NI(X', 5, 0))
= o[ — £16[5 — P 1f:(X. B, 0) (14)
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Linear fluctuations (2)

equals the correlation function for uncorrelated free particles, which is
obtained from the definition (5) as

<N2()_<'a ﬁa t)Ng()_(jv 15/7 tl)> = 5ab5[)?_ )?,]6[5_ ﬁ,]fa()_{v ﬁ? t) (15)

In terms of the inverted time-integration (along the gyroorbit) operator
Eal the formal solution of the linearized kinetic equation (13) reads

~ Vx0B, Of
SNy = N9 — a5 (O + =) - 52 (16)

Upon insertion into Eq. (11) it provides
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Quasilinear transport equation

the quasilinear kinetic equation for the ensemble-averaged phase space

density

. Vx0B. ONO
Lofs = —qa((6E + ) =2

)

c op
drag terms
- Ux6B, 0 - Vx4B, Of.
2((6E + Y208y . 16 s 1

Vv
generalized momentum diffusion

containing drag and generalized momentum diffusion terms. As the linear
fluctuation theory below provides (0E;, §B;) Ng the drag terms depend
on the correlation function (15) of uncorrelated particles and thus on
0f,/0p.
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Linearized Klimontovich-Maxwell equations

The linearized Klimontovich-Maxwell equations read

- - o -
OE(X =4 a 3 Na _’a_’a ) Eﬂ’t:_iB_” ’
V-0E(X,t) W;C] /d poNL(X, P, t), VXIE(X,t) c6t5 (X, t)
V-0B(%,t) =0, VxdB(X t)—i SE(X,t) = 412 /d3 VN, (X, p,t
9 - Y 9 Cat 9 - c . Qa P a 7pa y
(18)
and
o . 0 d . - Vx0B, OF.(p)
oL RS _Qai Aa s Moy = —(aly E ' e
T + v % 8(]5]6 (X, p, t) gana[0E + c | 9p
6AL(X, B, t) = 6N4(X, B, t) — NO(X, B, t) (19)

For NO(%, p,t) = 0 Eq. (19) reduces to the linearized Vlasov equation
which cannot describe spontaneous emission of plasma fluctuations.
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Gyrotropic equilibrium state

The adopted “equilibrium” state of a spatially uniform and stationary
plasma (F,(p)) fulfills the corresponding Maxwell and Klimontovich

equations
0:47quana/d p Fa(p —47Tz:qana7
a
4 - o o o
= 7 ;J37 Ja = qana/d3p VFa(p),

Vx By OF.(p) dF,(p)
dana c 85 = —Qan, a¢

=0, (20)

Therefore our adopted equilibrium state demands gyrotropic distribution
functions F,(p) = F(p), p.L) independent of the gyrophase ¢ (caveat:

unmagnetized plasmas).

12
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Linear fluctuations (3)

We introduce the Fourier-Laplace transforms of the fluctuations in infinite
space (no finite spatial boundaries)

t &k | dweFFt) | B(i
1) oo L E(k

with the real wave vector k and the complex frequency w = wr + . The
imaginary part of Sw =T > 0 is chosen sufficiently positive so that the
Laplace integral (21) converges (note et = ewrt=Tt),
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Linear fluctuations (4)

1) Reasoning for I > 0: multiply Egs. (18) - (19) by e~ t(k5=wt) gpq
integrate over time as in (21). This leads e.g. to

/ dt 85B(X7 ) Wt [(58( ) sztfl't]go - zw/ dt (53()_(', t)ezwt
0 ot 0

— —0B(X, t = 0) — wB(k,w), (23)
only for I' > 0 eliminating 0B(X, t = co) from the partial integration.

2) The temporal dependence associated with the spectral amplitude,
A.(k,w, p,t), in Eq. (22), is supposed to be weakly adiabatic. Strictly
speaking, the amplitude must be independent of t, but we retain the
adiabatic slow-time dependence for reasons to be explained later. This
prescription is a shortcut approach to the more rigorous multiple-time
scale analysis (Davidson 1972).
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Linear fluctuations (5)

In the following we absorb the adiabatic time dependence into the
definition for the generalized angular frequency, w — w +(9/0t), and
shall reintroduce the slow-time derivative later.

3) In order to derive damped fluctuations with negative ' < 0 we have to
analytically continue any complex function A(k,wg, ") into the negative
complex frequency plane (Landau 1946), so that

dim Ak, wg, ) = lim A(K,wr, T) (24)

15
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Wave equation

(18) then read (initial fields taken care of by N9 1)

E-E(E,w):—4mp(lz kw) an/d p N, kw,p)
B(k,w) = gk x E(k,w), k-B(k,w)=0,
L. - A7y - -
Kk x B(k,w) + %E(k,w) - —ﬂj(k w),

=Y. [ ootk

Eliminating é(E,w) provides the wave equation
w? =, - 4w -, —
?E(k,bc)):— c2 j(k,W),

K x (k x E(k,w)) +
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Wave equation (2)

where the fluctuating current density f(/?,w) is calculated from the
Fourier-Laplace-transformed linearized Klimontovich equation

SN e OA,(K,w, p
) <w— k - v> Aa(k,w, p) + Qaa(agﬁwp)

. v x (kx E(k,w)) | 9Fa.(p) (27)

E(k
(k,w) + " 95

= (ahn,

with

As(K,w, p) = Ny(k,w, B) — NO(k,w, B) (28)

For unmagnetized plasmas with By = Q, = 0 and k= ke, the linearized
Klimontovich equation (27) simplifies to (see RS and Yoon 2015, Physics
of Plasmas 22, 072108 for magnetized plasmas)
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Unmagnetized plasma

o Galla | =, - Vx (kx E(k,w))| 0F.(p)
Aslk,w, p) = = E(k,w)+ -—, (29
K p) w_wl( ) - 2 @9
yielding from Eq. (28)
Ny =N+ —F2M2 | E(k w)+ L5 (k< Elk,w)) aFa(J’), (30)
w—k-v w 8p

so that the linearized fluctuating plasma current density (25) consists of
two parts

-

_(;(E (.U) +./1nd(k UJ) _/0 - ea/d3p VNO(vavﬁ) (31)
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Unmagnetized plasma (2)

where _/T(; is caused by NS(E,w, p), accounting for the near interactions of
neighbouring uncorrelated charged particles in the plasma. This
spontaneous current density gives rise to the spontaneous emission of
electromagnetic fields.

On the other hand, with the plasma frequency wfm = 4mwq2n,/m, of
species a

w — -V

. 1 Voo
Foakow) = o= S mad, [ oo [E(Rw)
a

7 x (k x E(k,w))

(I B 08

op

is induced by the plasma fluctuations, where o is the conductivity tensor.

x E, jndi = 0jEj (32)
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Wave equation in unmagnetized plasma

In terms of field components the wave equation (26) then becomes

N (k w)Ej(k,w) = EP (k,w), Ei = (NJ)ES (33)
with the Maxwell operator (also determining the polarization state)
- k2c? [ kik; - 47mal.J.r
W) = 5 (M5 =) R, v =5+ Tl (3
and A
EKw) =~ S an [ dpul(k.c ). (35)

a
denoting the electric field perturbations caused by uncorrelated single
source particles in the plasma.
The index + indicates that the Maxwell operator has been derived initially
for a positive imaginary part of the frequency I' > 0. For negative ' < 0
proper analytical continuation of the complex Maxwell operator is required.
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Non-collective fluctuation spectra

From Eq. (33) we obtain the non-collective electric field fluctuation

spectra

< Ei(k,w)Ef (k,w) >= Nt (k,w)N (K, w) < EQ (K, w)EX* (k,w) >,

1,7 )\,-m(E w) - -
AHK w) = SmVE Q) AR o) = det (/\,-- K w)), 36
m ( Ny ME) (k) (36)
in terms of the matrix cofactors Aj,. In unmagnetized plasmas (for
magnetized plasmas more complicated see Yoon, Lopez, Vafin, Kim, RS,
2017, Plasma Phys. Contr. Fus. 59, 095002) A = /\L/\2T with

~—

/\T 0 0 1 /\TAL 0 0
0 0 AL 0 0 AF

with

Lecture 2: Electromagnetic fluctuations and MHD eigenmodes Reinhard Schlickeiser, Erice 2018-08
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Non-collective fluctuation spectra (2)

the transverse dispersion function

ck? Tmaw; OF,  kvi OF
Ar=1- B2 d dp, =+ L Ta
7 w? T2 w? / p|/ P ¥ [OPL w — ky 3P||]

| (38)

and the longitudinal dispersion function

pPL aFa
AL=1 + — Z mawpa/ dP||P|| / dme ap” ) (39)

valid for any gyrotropic equilibrium distribution function Fa(py, py)).

As only non-vanishing elements we find
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Non-collective fluctuation spectra (3)

2
< E? > (k,w) 227‘-2/3:)/\7_‘2/ dP||/ dp.p1viFapy. pL)

X Ir <Bi>(kw):ﬁ<Ei>(kw)
(wR _ k”VII)2 + |—27 J |w‘2 9y 9
2
<E > (k,w) = 7r2]w/\L|2 / dp / dPLPLVH a(pysPL)

Il

(wr — /(HVH)2 +r2’ (40)

which are dominated by contributions from the collective plasma
eigenmodes defined by At ;(k,w) = 0.
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Results 4th elgenmode of isotropic unmagnetized &
plasmas

The most prominent unmagnetized cosmic plasmas are the intergalactic
medium (IGM) and the early universe with thermal distribution functions
F.(p) = Coe %2, iy = m,c?/(kg To) and 7, = /1 + (p/mac)?.

In standard plasma physics textbooks it is stated that unmagnetized
isotropic_plasmas sustain only three eigenmodes: (1) transverse (with
§B L 0E L k) superluminal electromagnetic waves,

(2) longitudinal (with 68 o< k x 6E = 0 and 6E || k) subluminal
electrostatic waves,

(3) in electron-ion-plasmas longitudinal ion sound waves.

Felten et al. (2013): 4th eigenmode exists in the form of damped (I' < 0)
transverse aperiodic (wg = 0) fluctuations, which oscillate in space but do
not propagate. It is the only subluminal eigenmode with magnetic field
fluctuations. Felten and RS (2013): it exists in any isotropic unmagnetized
plasma, irrespective of the explicit form of the momentum distribution

function of plasma particles.
Lecture 2: Electromagnetic fluctuations and MHD eigenmodes Reinhard Schlickeiser, Erice 2018-08 24
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Thermal aperiodic noise in the pamyprepanne

Fluctuation spectrum ((§ B)*)(k, 1) /(k,T /@,,)
<107 1073 107! > 10!

Imaginary part of the frequency I'/10~! @,

0 0.2 0.4 0.6 0.8 1.0
‘Wavenumber k/k,

Figure 1: Contour plot of the spontaneously emitted thermal aperiodic magnetic noise at the
end of the pamyprepanne for a temperature of kg T = 1 MeV. The colour scale is logarithmic in
powers of 10. The dashed line shows the dispersion relation of the damped eigenmode. From
RS, Kolberg and Yoon (2018, ApJ 857, 29).
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Thermal aperiodic noise in the pamyprepanne (2)

By integrating the fluctuation spectra over all wavenumber and frequency
values:

16B(to)| = 1/(6B)?(tg) =2.2-10'2 G, |6E(to)| =1.4-10"2 G  (41)
The electric plus magnetic energy density in aperiodic fluctuations

(6B)? + (0E)?
8
which is about three orders of magnitude smaller than the photon energy
density w,(t) = 1.4-10%° Ty, erg cm~3, so that the aperiodic

fluctuations have a negligible influence on the radiation-driven
cosmological evolution during the pamyprepanne.

we, g(t) = =2.7-103 Ty erg cm ™3, (42)
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Thermal aperiodic noise in the present-day IGM

6

wp2m® < OBY s [ (kiT)
10-
5
f
0-

16
- !l2
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0
0 2 1 6 5 10

Yfwpe x 1070

2
-4
6
5

10

Kt fae x 1074

Figure 2:  Spontaneously emitted thermal aperiodic magnetic noise in the IGM for Ty = 10*K
and ionized gas densities of ne = 10~7 cm™3 . The colour scale is logarithmic in powers of e.
From Felten, RS, Yoon and Lazar (2013, Phys. Plasmas 20, 052113).

Again the spectrum is dominated by a damped mode.
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Thermal aperiodic noise in the IGM (2)

By integrating the fluctuation spectra over all wavenumber and frequencya
values the random magnetic and electric field strengths in the form of
aperiodic fluctuations in the present IGM are at z =0

6B(z=0)| =6.3-10" 87} T}/8 G,

6E(z=0)| =1.9-107 922 T}? G (43)

With n_7(z) = n_7(1 + z)3 and T4(z) = T4(1 + z) at reionization onset

|6B(z =20)| =8.7-107° G (44)

This guaranteed EGMF in the form of randomly distributed aperiodic
oscillations with volume filling factor V ~ 1, serves as seed fields for
possible amplification by later possible plasma instabilities from anisotropic
plasma particle distribution functions, MHD instabilities and/or the MHD
dynamo process (RS 2012, PRL 109, 261101).
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Results for magnetized plasmas

Kim, Lazar, RS, Lopez, Yoon (2018, PPCF 60, 075010): weakly-damped
(I < wgr) magnetic fluctuation spectra for isotropic Kappa-distribution

with Kk = 2:

29
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Collective eigenmodes

A collective plasma eigenmode with wy = wr(k) + [« has to fulfil the
dispersion relation A(k, @) = 0 with the dispersion functions (38) and
(39). We recall e.g. for slab fluctuations (parallel (k x B = 0) wave vector)

o . o0 pL OF,
=) Mapa /_ N dpyp| /0 dp. (w— ——2PL___)0p )

a Y W —
JmEtpiipt

involves complex logarithm

To remove branch cut, transform to Lerche (1967) variables
y =p|/(mac), E == \/1 +((p7 + pf)/(m3c?)) yielding with
z = (wr + ")/ (kc) = R + 1l for isotropic distributions F,(E)
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Collective eigenmodes (2)

4 o0 F
AL=1-— 2" (mac)3w,2,73/ dE E\/E? — 1%;
1
a

K22
27rz OF,
+ 10 22 m,c)3 f,a/ dEE28E (E,z) (46)

with complex logarithm integral for k > 0 and S(E) = V1 — E—2

S(E) gt S dt

—S(E)
_/Sdt R—t—u _1 (S+tRP+ /P /57’? dx
T )s TR+ R T2 (S-REHIE s T2
1 (S+RP+/? S(E)+R S(E)-R
I m—z[arctanf—i-arctan f] (47)
31
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Complex logarithm integral

For S(E) < R note that

lim [arctan S(E)+R + arctan m]
-0~ / /
= lim [arctan M + arctan (E) - R] =0
/—0+ /

However, for S(E) > R, corresponding to E > (1 — R?)~1/2,

. S(E)+R S(E)-R
lim [arctan ———— + arctan ————] =,
=0+ / /
E)+R E)—R
lim [arctan S(E)+R + arctan L] = -,
/=0~ / /

so that the correct analytical continuation is

Lecture 2: Electromagnetic fluctuations and MHD eigenmodes Reinhard Schlickeiser, Erice 2018-08

(48)

32



RUHR-UNIVERSITAT BOCHUM

Theoretische Physik IV: Weltraum- und Astrophysik E
Complex logarithm integral (2)
(5+R) + 12 S(E)+R
E.RN=Z-In Sl A
J( )= (5 RIS 2 — 2[arctan i

E)-R
+arctan 5()/ +m00(1 — R)O(E — (1 — R?)71/2)] (50)
withc =0forT >0and / >0and o =2 for <0 and | <O0.
The last correct analytical continuation gives rise to the existence of
damped longitudinal subluminal electrostatic waves and damped transverse

aperiodic fluctuations in isotropic plasmas. Mathematical reason for
Landau damping.
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Thermal dispersion functions

For thermal distribution function F,(p) = C,e #sE

2
w a
A =1+ E"’$"’“[1 4 L, 2),

k2 2
HaZ duy(E)
L(pa, z) = 2K2(,ua) / dE OE J(E, z),
e HoE 2E 2 1

Partial integration provides

1
_ HaZ aJ(E,Z)_ HaZ /
Ha,2) = 2K2(Ma)/o 5 wE) 05 = "aka(un) Sz—

For nonrelativistic temperatures Ka(pa) ~ /7/2u e and
up(E) ~ E?e #E /115, so that with the substitution S = tanh ¢
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Thermal dispersion functions (2)
L(pa, 2) =~ fa / 5 ”a( \/1 s2 -b
27 (z— 1 ) )
L 00 e —pa(cosh t— 1) M “"t
=z,/=2 / dt ——— 2 /
Vor ) o tanht — z \/ 27 t—z
Ha Ha z
=z Z\|z —7 53
Vs (M 52(3) =2

with thermal velocity (in units of ¢) 8, = \/2/,ua = \/2kB T,/m,/c and
the Fried-Conte plasma dispersion function

¢

Z(x) = r~ Y2 /OO dt (54)

B
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Thermal nonrelativistic dispersion relations

Consequently (prime denotes differentiation of Z with respect to its
argument),

was? ()

N=1-"F22 P27 (2 ) =0 (55)
k2c232 Ba

as 1+ xZ(x) = —2Z'(x).

Likewise, in magnetized isotropic plasmas for parallel (E x B = 0) wave
vectors (Gary 1993) with b, = Qo ,/kc and k = k|

Arnru(k,z) =1- — + Z k2c26 . (z ;aba) =0  (56)

36
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Solution of the dispersion relation

Z(x) and Z'(x) obey

Z(—x) = 271/ e — Z(x), Z(—x)= 4r' x> 4+ 7' (x) (57)

and have the asymptotic expansions
1/2 —x? 2X2
Z(x) =~/ ce™ — 2x 1—7 , Ixl <1 (58)

and

1 1 3
Z(x) ~ wrl/2e™ — [1 to2 T2 ] ;x> 1 (59)
where 0 = 0 if §(x) >0, 0 =1 if J(x) =0, anda:2if%(x)<0,
accounts for the analytical continuation.
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Solution of the dispersion relation (2)

The dispersion relations read

RA(R, 1) =0, S(R,I)=0 (60)

The dispersion functions are complex analytical functions in the entire
complex frequency plane i.e. they obey the Cauchy-Riemann relations

ORA(R, 1) OSA(R,I)  ORA(R,1)  OSA(R, 1) (61)

OR alr ol OR
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Weak damping/amplification limit

For |I| < R Taylor-expand Egs. (60) to 1st order around |=O0:

~ _ ORNR. 1)) _ _q)_ ISR, 1=0)
O_B“E/\(R,/_O)Jrl[ o ]I:O_&E/\(R,I_O) / R 7
C\‘ J—
0~ AR 1=0)+ 1 | BMED g =)y PNET=0)
ol 1=0 OR
(62)

To lowest order in the small quantity (//R)? = (I'/wg)? < 1 then the
dispersion relation of weakly damped/amplified fluctuations and the
damping/growth rate are given by

SA(R, | = 0)
RA(R, 1 =0)=0, | = ——pro (63)
OR

For consistency, the resulting weak damping solutions have to fulfil
|I| < R, which has to be checked aposteriori.
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Weak propagation limit

Likewise in the weak propagation limit |/| > R Taylor-expand Egs. (60) to
1st order around R=O0:

0~ RA(R=0,/)+R ORA(R, 1) :mMR:Q0+R§iL4J£l
IR R=0 ol
<\l —
0~SA(R=0,/)+R ISR 1) :%/\(Rzo,/)_Rw
IR R=0 ol

(64)
To lowest order in the small quantity (R//)? = (wg/I")? < 1 then the
dispersion relation of weakly propagating fluctuations and the
corresponding real parts are given by

SAR=0,1)
ORA(R=0,1)
ol

RA(R=0,1)=0, R=

Again, check aposterior that R < |/|.
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Weak damping slab MHD eigenmodes

According to Egs. (56) and (63) the dispersion relation of weak damping
slab transverse waves is given by

2 R &+ b,
0 = RARH LH(k R) =1- R2 + Z k2c2ﬂa Rag R Ba (66)

With property (56) that Z(—x) = —RZ(x) we readily obtain

RALu(k, —R) = RAru(k, R). Hence, instead of analyzing the two
dispersion relations for RH and LH polarized waves for k > 0 and R > 0, it
suffices to analyze one of these (LH is standard choice) for k > 0, but
allow positive (for LH) and negative (for RH) values of R and wrg.

In equal thermal temperature (T, = T,) electron-proton plasma with the
mass ratio x = me/mp = 1/1836 one finds bykc = Qo p = qBy/mpc

= —XQ0,e = —xbeke, wg,p = Xnge and 3, = X'/, so that the
LH-dispersion relation is given by
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Weak damping slab MHD eigenmodes (2)

1
OZ%ALH(/(>O,R):].—@
2
“p.e R — be 1/2 R—bp
+k2c266R [?RZ < 5 +x/RZ a7, )| (67)

which has been analyzed by RS and Skoda (2010, ApJ 716, 1596).

In the cold plasma limit 5. — 0 the arguments of the Z-function are large
(x| > 1), so that we use the expansion (59) that RZ(x) ~ —x~! yielding

1 w2, 1
P: R S (68)

0=1- = —
R2 KRR~ b R— b,
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Cold plasma limit

For large |R| > |be| > b, we find as solution of the disperrsion relation

w2 (1+X)

22 corresponding to w? = wie(l +x) + k32, (69)

R2~1+

which are superluminal electromagnetic waves.

For subluminal values |R| < 1 we obtain the cold plasma dispersion
relation

xR R XWR WR
1 (70)

K22 2 B _ 2 B
Pf[b,,—R R—be] ”Pve[QO,p—wR wr + Qo]

CT W

Its solutions, shown in Fig. 3, are the LH-polarized Alfven-ion-cyclotron
(AIC) branch and the RH polarized magnetosonic-Whistler (MSW) branch.
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Cold plasma limit (2)

\ N
\Q-kv

AN

Figure 3. Subluminal slab MHD eigenmodes in a cold electron-proton plasma.
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Cold plasma limit (3)

For frequencies |wgr| < |Qq | the subluminal dispersion relation (70)
reduces to (with Q, = Qo p)

2
wWr Qp — WR

~ 71

k2V3 Qp (71)
with the Alfven speed
Q B B

Vy = “op — 0 :2'18.106MG3)12 cm

wppVI+X  \/Ar(me + mp)ne (ne/lcm=3)1/2 s
(72)

much smaller than c¢. The two solutions of Eq. (71) are the LH-circularly
polarized AlC-branch
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Cold plasma limit (4)

ko k
wr = kValy[1+ ()2 = -] =~
C c

(73)

Qp[1 — (%2)2] for |k| > ke (lon cyclotron wave)
and the RH-circularly polarized MSW-branch

{kVA for |k| < ke (Alfven wave)

k k —kV for |k| < k. (Alfven wave
r 1+()2+]:{ s for [k] < ke )

ke ke —% for |k| > ke (Whistler wave)
(74)
with the characteristic wavenumber
29, 1/2 -8 —3y1/2 -1
ke = Vi 2wpex'/c=8.78-10"°(ne/1 cm™>)*< cm (75)
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Cold plasma limit (5)

Favorite agreement with general calculations.

ey

Figure 4: Magnetic fluctuation spectra from theory and simulations (Kim et al. 2018)
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Cold plasma limit (5)

Induction law (40) for Alfven waves,

5 C2k2 )
< Bf > (k,wgr) = —5— < ET > (k,wr)
Wr
2
7 E? > (k,wr) >< ET > (k,wr), (76)

indicates that [0B] > |0E|. Alfven waves have much larger magnetic than
electric fluctuations!
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Summary and conclusions

= The kinetic theory of plasma fluctuations has been developed with no
restriction on the frequency w of the fluctuations.

= For any isotropic particle distribution function the spectral
electromagnetic fluctuation spectra resulting from spontaneous
emission can be calculated analytically for unmagnetized and
magnetized plasmas. The spectra are dominated by collective
eigenmodes.

= Tremendous progress over the last 5 years with the analysis of
fluctuations in magnetized plasmas.

= Aperiodic transverse fluctuations are the fourth collective eigenmode
in unmagnetized plasmas. In the early universe the stochastic electric
and magnetic fields have tera-Gauss strength. These stochastic
magnetic fields also serve well as cosmological seed fields for further
amplification processes once additional kinetic free energy becomes
available in these plasmas (a new primary dynamo process).
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